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Shear visosity of the gluon plasma in the stohasti-vauum
approah
Dmitri Antonov
Fakultät für Physik, Universität Bielefeld, D-33501 Bielefeld, Germany
Shear visosity of the gluon plasma in SU(3) YM theory is alulated nonpertur-
batively, within the stohasti vauum model. The result for the ratio of the shear
visosity to the entropy density, proportional to the squared hromo-magneti gluon
ondensate and the fth power of the orrelation length of the hromo-magneti va-
uum, falls o with the inrease of temperature. At temperatures larger than the
deonnement ritial temperature by a fator of 2, this fall-o is determined by the
sixth power of the temperature-dependent strong-oupling onstant and yields an
asymptoti approah to the onjetured lower bound of 1/(4pi), ahievable in N = 4
SYM theory. As a by-produt of the alulation, we nd a partiular form of the two-
point orrelation funtion of gluoni eld strengths, whih is the only one onsistent
with the Lorentzian shape of the shear-visosity spetral funtion.
I. INTRODUCTION AND PRELIMINARY ESTIMATES
The RHIC data on olletive expansion dynamis of the quark-gluon plasma an be de-
sribed by the relativisti hydrodynamis applied to a system with very large initial pressure
gradients [1℄. Aording to these data, partiles of dierent mass are emitted from the quark-
gluon-plasma reball with a ommon uid veloity, that is a signature of a hydrodynami
expansion. Due to a large ellipti ow in nonentral ollisions [2℄, an agreement between
the experimental data [2, 3℄ and the preditions of relativisti hydrodynamis an only be
reahed when the ow of the QGP-uid is treated as almost non-visous. This leads to
an indiation that, in the viinity of the deonnement phase transition, the quark-gluon
plasma produed in the RHIC experiments behaves more like an ideal quantum liquid rather
than a weakly interating gas. The mean free path Lmfp of a parton, whih traverses suh a
liquid, is muh smaller than the inter-partile distane, whih is of the order of the inverse
temperature β = 1/T , i.e. (Lliqmfp/β)≪ 1.
2One an onsider for omparison a weakly interating dilute-gas model of the quark-gluon
plasma. There Lgasmfp ∼ (ρσt)−1 with ρ and σt standing for the partile-number density and
the Coulomb transport ross setion, respetively. Using the standard estimates ρ ∼ T 3
and σt ∼ g4β2 ln g−1, where g = g(T ) is the perturbative nite-temperature QCD oupling,
one obtains (Lgasmfp/β) ∼ 1/(g4 ln g−1) ≫ 1, that strongly ontradits the above-mentioned
experimental results. One an hek [4℄ that these results ould have only been reprodued
by the dilute-gas model if the perturbative transport ross setion, σt, were larger by an
order of magnitude. This inonsisteny of the weakly interating quark-gluon plasma with
the RHIC data initiated reent alulations of kineti oeients in the strongly interating
relativisti plasmas.
Among these oeients, the one whose values dene whether the plasma an be on-
sidered as weakly or strongly interating is the shear visosity η. It is related to the above
(Lmfp/β)-ratio via the estimate (η/s) ∼ (Lmfp/β), where s is the entropy density. Aord-
ing to this relation, the shear-visosity to the entropy-density ratio, η/s, beomes smaller
when the plasma interats stronger. For instane, for T ∼ 200MeV and the estimated
typial mean free path Lmfp ∼ 0.1 fm, one has (η/s) ∼ 0.1. On the other hand, sine the
mean momentum hange ∆p of a parton, whih propagates through the plasma over the
distane Lmfp, is of the order of T , the Heisenberg unertainty priniple forbids the ratio
(Lmfp/β) ∼ Lmfp · ∆p (and therefore also η/s) to be vanishingly small. Up to now, the
minimal value of 1/(4pi) ≃ 0.08 for the shear-visosity to the entropy-density ratio has been
found in N = 4 SYM theory [5℄. It is thus hallenging to nd other QCD-motivated models
where this ratio would be that small. Reently, it has been demonstrated [6℄ that suh
low values of the (η/s)-ratio an take plae even in the perturbative YM plasma, due to
the bremsstrahlung gg ↔ ggg proesses. In Ref. [7℄ it has been argued, though, that the
perturbatively alulated ollisional visosity is anyhow larger (and therefore subdominant)
ompared to the so-alled anomalous visosity, whih is generated by plasma instabilities.
In this paper, we alulate the (η/s)-ratio in the gluon plasma of SU(3) YM theory
nonperturbatively. We obtain the shear visosity from the Kubo formula, whih relates
the orresponding spetral density ρ(ω) to the Eulidean orrelation funtion of the (1, 2)-
omponent of the energy-momentum tensor T12(x, x4). This method, proposed in Ref. [8℄,
has been explored in Refs. [9, 10℄ with the aim to simulate shear visosity on the lattie.
Here we work in the ontinuum limit and parametrize the Eulidean orrelation funtion of
3the energy-momentum tensors by means of the stohasti vauum model [11℄. This model
generalizes QCD sum rules by assuming the existene of not only the gluon ondensate〈
g2(F aµν)
2
〉
but also of the nite vauum orrelation length µ−1. This assumption is justied
by the lattie results on the exponential fall-o at large distanes of the two-point orrelation
funtion of gluoni eld strengths [13, 14℄,
〈
F aµν(x)F
b
λρ(0)
〉 ∼ e−µ|x|. By virtue of this nding,
the model manages to quantitatively desribe onnement; for instane, the string tension
reads σ ∝ µ−2 〈g2(F aµν)2〉.
Below we will use a nite-temperature generalization of the stohasti vauum model,
aessible by implementing the Eulidean periodiity of the x4-oordinate. In the deon-
nement phase of interest, suh a generalization yields for the spatial string tension σs(T )
a formula [15℄ pretty similar to its above-quoted vauum ounterpart. This formula reads
σs(T ) ∝ µ−2(T )
〈
g2(F aij)
2
〉
T
, where µ−1(T ) is the orrelation length of the hromo-magneti
vauum, and
〈
g2(F aij)
2
〉
T
is the hromo-magneti gluon ondensate, whih survives the de-
onnement phase transition. The temperature dependene of the two main ingredients of
the model, µ(T ) and
〈
g2(F aij)
2
〉
T
, an be extrated from the results of the lattie simula-
tions [13, 16℄.
Sine T12 = g
2F a1µF
a
2µ, one a priori expets from the Kubo formula, where the
〈T12(0)T12(x)〉-orrelator enters, that the shear visosity η ∝
〈
g2(F aij)
2
〉2
T
. This is a gen-
eral predition of the stohasti vauum model for all the kineti oeients, for example
for the jet quenhing parameter [17℄. In fat, aording to the Kubo formula, all the kineti
oeients are proportional to the total sattering ross setion of the propagating parton,
whih itself is proportional to
〈
g2(F aij)
2
〉2
T
in this model [18, 19℄. Therefore, sine the shear
visosity has the dimensionality of [mass℄
3
, one an on entirely dimensional grounds expet
for it the following result:
η ∝ µ−5(T ) 〈g2(F aij)2〉2T .
At temperatures larger than the temperature of dimensional redution, T > T∗, µ(T ) and〈
g2(F aij)
2
〉2
T
are proportional to the orresponding power of the only dimensionful parameter
present in the YM ation at suh temperatures, g2T , i.e.
µ(T ) ∝ g2T, 〈g2(F aij)2〉T ∝ (g2T )4.
On the other hand, the entropy density s(T ) ∝ T 3, so that
η
s
∝ g6(T ) at T > T∗.
4In this paper, we quantitatively answer the naturally arising question of whether or not this
funtion manages to get below the (4pi)−1-threshold at temperatures T . 5Tc, whih are
aessible experimentally and on the lattie.
The outline of the paper is as follows. In Setion II, by assuming an exponential fall-o
for the two-point orrelation funtion of the energy-momentum tensors 〈T12(0)T12(x)〉, we
obtain from the Kubo formula an integral equation for the spetral density ρ(ω) of η. In
Setion III, by using for ρ(ω) a Lorentzian-type ansatz, with the same orrelation length
as that of 〈T12(0)T12(x)〉, we explore this equation for the ases of large and small |k|'s,
where k is the number of a Matsubara mode. The solution in the large-|k| limit yields the
range of variation of the numerial parameter α, whih enters the initial parametrization
of 〈T12(0)T12(x)〉. The solution in the small-|k| limit an only oinide with the large-|k|
solution for a single value of α from this range. This xes α ompletely and makes further
alulations straightforward. In Setion IV, we analytially alulate the shear visosity η.
In Setion V, we use this result for η to numerially nd the ratio η/s. Also in Setion V
we ompare the alulated nonperturbative spetral density ρ(ω) with the perturbative one,
whih dominates at large ω's. In Setion VI, we disuss the results of the paper, as well as
possible further developments. In Appendix A, we illustrate the separation of perturbative
ontributions to the Kubo formula from the nonperturbative ones.
II. KUBO FORMULA FOR THE SPECTRAL DENSITY
Shear visosity η an be dened through the relation
η = pi
dρ
dω
∣∣∣∣
ω=0
, (1)
where the spetral density ρ(ω) is a solution to the following integral equation, alled Kubo
formula [8, 10℄
∫ ∞
0
dωρ(ω)
cosh
[
ω
(
x4 − β2
)]
sinh(ωβ/2)
=
∫
d3x
+∞∑
n=−∞
〈T12(0)T12(x, x4 − βn)〉 . (2)
Here the sum on the RHS runs over winding modes. We use the Fourier deomposition on
the LHS of Eq. (2):
cosh
[
ω
(
x4 − β2
)]
sinh(ωβ/2)
= 2T · ω
+∞∑
k=−∞
eiωkx4
ω2 + ω2k
, (3)
5where ωk = 2piTk is the k-th Matsubara frequeny. The idea is to have a similar deompo-
sition also on the RHS of Eq. (2). For the implementation of this idea, the following hain
of equalities is important:
+∞∑
k=−∞
eiωkx4
[1 + (ωk/M)2]
α =
1
Γ(α)
+∞∑
k=−∞
∫ ∞
0
dλλα−1e−λ[1+(ωk/M)
2]+iωkx4 =
=
Mβ
2
√
piΓ(α)
∫ ∞
0
dλλα−
3
2 e−λ
+∞∑
n=−∞
e−
M2(x4−βn)
2
4λ =
=
M4β
16pi2Γ(α)
∫ ∞
0
dλλα−3e−λ
∫
d3x
+∞∑
n=−∞
e−
M2[x2+(x4−βn)2]
4λ =
=
M4β
2α+1pi2Γ(α)
∫
d3x
+∞∑
n=−∞
K2−α
(
M
√
x
2 + (x4 − βn)2
)
[
M
√
x
2 + (x4 − βn)2
]2−α .
Here α > 0 is some parameter, Γ and K2−α stand for the Gamma and the MaDonald
funtions, respetively. We assume that, at T = 0,
〈T12(0)T12(x)〉 = N(α)
〈
G2
〉2 K2−α(M |x|)
(M |x|)2−α , (4)
where 〈G2〉 ≡ 〈g2(F aµν)2〉 and N(α) > 0 is a numerial oeient, whih will be determined.
Then, in the deonnement phase (T > Tc) of interest, the above hain of equalities yields
RHS of Eq. (2) = 2T · pi22αΓ(α)N(α) 〈G2〉2
T
M2α−4
+∞∑
k=−∞
eiωkx4
(ω2k +M
2)α
,
where 〈G2〉T ≡
〈
g2(F aij)
2
〉
T
. Note that, for temperatures T > T∗, only the (k = 0)-term
in the sum should be onsidered, sine the dimensionally redued theory is a theory of the
zeroth Matsubara mode.
By using also Eq. (3), we an now rewrite Eq. (2) in terms of Fourier modes as∫ ∞
0
dωρ(ω)
ω
ω2 + ω2k
= pi22αΓ(α)N(α)
〈
G2
〉2
T
M2α−4
(ω2k +M
2)α
. (5)
To solve this equation, we use the parametrization
ρ(ω) = ωf(ω),
where f(ω) is some even funtion suient for the onvergene of the integral at large ω's.
Motivated by earlier works [8, 10, 12℄, we hoose it in a Lorentzian-type form
f(ω) =
C
(ω2 +M2)α+
1
2
. (6)
6Here C = C(T ) > 0 is some funtion, whih will be determined. Apparently, the ω-
integration in Eq. (5) onverges for any hoie of
α > 0.
Parametrization of the spetral density through Eq. (6) guarantees furthermore that both
sides of Eq. (5) have the same leading large-|k| behavior. It also implies [12℄ thatM =M(T )
is the momentum sale below whih perturbation theory breaks down. For this reason,M(T )
should be of the order of the inverse orrelation length of the hromo-magneti vauum, µ(T ).
Shear visosity an nally be obtained by means of Eq. (1) as
η =
piC
M2α+1
. (7)
We now solve Eq. (5) subsequently in the following ases: |k| ≫ 1 and |k| ∼ 1.
III. CONTRIBUTIONS TO η FROM HIGH AND LOW MATSUBARA MODES
A. (|k| ≫ 1)-ase
Plugging the Lorentzian-type ansatz (6) into Eq. (5), we obtain
LHS of Eq. (5) = C
∫ ∞
0
dω
ω2
(ω2 + ω2k)(ω
2 +M2)α+
1
2
=
=
C
ω2αk
∫ ∞
0
dx
x2
(x2 + 1)(x2 + ξ2k)
α+ 1
2
,
where x ≡ ω/ωk and ξk ≡M/ωk. At |k| ≫ 1, one has
|ξk| ≪ 1, (8)
and the latter integral yields
LHS of Eq. (5) =
C
ω2αk
{
1
ξ2αk
[√
piΓ(α− 1)
4Γ(α+ 1
2
)
ξ2k +O(ξ3k)
]
+
pi
2 sin(piα)
+O(ξ2k)
}
. (9)
We see that, if α < 1, then the leading term of the expansion is ∝ pi
2 sin(piα)
, i.e. it is k-
independent, whereas otherwise the leading term of the expansion beomes k-dependent.
For this reason, we restrit ourselves to
α < 1
7only. Furthermore, sine αξ2k ≪ 1 as well, one an expand in powers of ξk also the RHS of
Eq. (5) to obtain
RHS of Eq. (5) = pi22αΓ(α)N(α)
〈G2〉2T
ω2αk
M2α−4[1 +O(ξ2k)]. (10)
Equations (9) and (10) yield the funtion C:
C = pi2α+1Γ(α)N(α) sin(piα)
〈
G2
〉2
T
M2α−4.
Aordingly, Eq. (7) yields for the shear visosity
η
∣∣∣
|k|≫1
= pi22α+1Γ(α)N(α) sin(piα)
〈G2〉2T
M5
. (11)
The parametri dependene of this expression on 〈G2〉T and M is indeed the one following
from the elementary dimensional analysis made in Introdution.
B. (|k| ∼ 1)-ase
Consider |k|'s suiently small for the inequality
|ωk| ≪M, i.e. |ξk| ≫ 1, (12)
to hold. Disregarding terms O(ω2k/M2) and higher, one has
LHS of Eq. (5) ≃ C
M2α
∫ ∞
0
dz
(z2 + 1)α+
1
2
=
√
pi
2
Γ(α)
Γ
(
α+ 1
2
) C
M2α
,
where z ≡ ω/M , while
RHS of Eq. (5) ≃ pi22αΓ(α)N(α)〈G
2〉2T
M4
.
We obtain from these two equations
C = pi3/22α+1Γ
(
α +
1
2
)
N(α)
〈
G2
〉2
T
M2α−4
and, aording to Eq. (7),
η
∣∣∣
|k|∼1
= pi5/22α+1Γ
(
α+
1
2
)
N(α)
〈G2〉2T
M5
. (13)
In partiular, at T > T∗, where only the (k = 0)-mode should be onsidered, this result
beomes exat.
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given by Eq. (25).
IV. η FROM THE CORRELATION FUNCTION 〈T12(0)T12(x)〉
We determine now the parameters N(α) and M , whih enter the orrelation funtion (4).
This orrelation funtion reads
〈T12(0)T12(x)〉 =
〈
g4F a1µ(0)F
a
2µ(0)F
b
1ν(x)F
b
2ν(x)
〉
=
=
〈〈
g4F a1µ(0)F
a
2µ(0)F
b
1ν(x)F
b
2ν(x)
〉〉
+
〈
g2F a1µ(0)F
a
2µ(0)
〉 〈
g2F b1ν(x)F
b
2ν(x)
〉
+
+
〈
g2F a1µ(0)F
b
1ν(x)
〉 〈
g2F a2µ(0)F
b
2ν(x)
〉
+
〈
g2F a1µ(0)F
b
2ν(x)
〉 〈
g2F a2µ(0)F
b
1ν(x)
〉
, (14)
where double angular brakets denote a onneted (or irreduible) average. We use the
Gaussian-dominane hypothesis [11℄, whih allows one to disregard this onneted aver-
age. For the two-point orrelation funtion of gluoni eld strengths we use the standard
parametrization [11, 19℄
〈
g2F aµν(x)F
b
λρ(x
′)
〉
= (δµλδνρ − δµρδνλ) 〈G
2〉
12(N2c − 1)
δabD(x− x′), (15)
where D(x) is a dimensionless funtion mediating the onning interation. In this
parametrization, we have disregarded a small ontribution of non-onning non-perturbative
interations [17℄, [26℄. By using Eq. (15), we obtain for the orrelation funtion (14):
〈T12(0)T12(x)〉 ≃
〈
g2F a1µ(0)F
a
2µ(0)
〉 〈
g2F b1ν(x)F
b
2ν(x)
〉
+
〈
g2F a1µ(0)F
b
1ν(x)
〉 〈
g2F a2µ(0)F
b
2ν(x)
〉
+
9+
〈
g2F a1µ(0)F
b
2ν(x)
〉 〈
g2F a2µ(0)F
b
1ν(x)
〉
=
〈G2〉2
72(N2c − 1)
D2(x). (16)
The dimensionless funtion D(x) is usually hosen in the form
D(x) = e−µ|x|. (17)
Inserting this expression into the formula for the string tension in the fundamental repre-
sentation,
σf =
〈G2〉
144
∫
d2xD(x), (18)
one an dene the gluon ondensate in terms of σf and the vauum orrelation length µ as
follows [17, 19℄: 〈
G2
〉
=
72
pi
σfµ
2. (19)
To obtain for the orrelator 〈T12(0)T12(x)〉 the funtional form given by the RHS of
Eq. (4), we modify parametrization (17) to
D(x) = A(α)
√
K2−α(2µ|x|)
(2µ|x|)2−α , (20)
where A(α) is a numerial normalization fator. At |x| & µ−1, the new funtion (20) falls o
with the same exponent as Eq. (17). To obtain the normalization fator A(α), we substitute
Eq. (20) into relation (18), whih holds for any funtion D(x). Using further expression (19),
we obtain
A(α) = 4∫∞
0
dz
√
zαK2−α(z)
. (21)
The orrelator (16) now reads
〈T12(0)T12(x)〉 = A
2(α)
576
〈
G2
〉2 K2−α(2µ|x|)
(2µ|x|)2−α , (22)
where the funtion A(α) is given by Eq. (21), and we have xed Nc = 3. Comparing Eq. (22)
with the original denition (4), we onlude that
N(α) =
A2(α)
576
and M = 2µ.
Equations (11) and (13) yield now ontributions to η from high and low Matsubara modes:
η
∣∣∣
|k|≫1
=
pi2
9216
2αΓ(α) sin(piα)
[A(α) 〈G2〉T ]2
µ5(T )
(23)
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Figure 2: Entropy density s(T ) in the units of T 3 obtained from the lattie values for the pressure
plat [16℄ (ourtesy of F. Karsh).
and
η
∣∣∣
|k|∼1
=
pi5/2
9216
2αΓ
(
α +
1
2
) [A(α) 〈G2〉T ]2
µ5(T )
. (24)
The ratio of these results,
η
∣∣∣
|k|≫1
η
∣∣∣
|k|∼1
=
Γ(α) sin(piα)
√
piΓ
(
α + 1
2
) , (25)
in the interval 0 < α < 1 of interest is plotted in Fig. 1. It equals to unity at α = 1/2, i.e.,
at this value of α, our results for shear visosity beome k-independent, as they should be.
This yields the prinipal analyti result of the present paper:
η(T ) =
pi5/2
4608
√
2
[A(1/2) 〈G2〉T ]2
µ5(T )
, (26)
where A(1/2) ≃ 1.05. Remarkably, ansatz (6) at α = 1/2 takes the onventional Lorentzian
form. In the next Setion, we will evaluate the ratio η/s numerially.
11
V. NUMERICAL EVALUATION
Following Ref. [16℄, we assume the value Tc = 270MeV in SU(3) YM theory. We use the
two-loop running oupling [16℄
g−2(T ) = 2b0 ln
T
Λ
+
b1
b0
ln
(
2 ln
T
Λ
)
, where b0 =
11Nc
48pi2
, b1 =
34
3
(
Nc
16pi2
)2
, Λ = 0.104Tc,
and Nc = 3 for the ase under study. We also assume for µ(T ) and for the spatial string
tension in the fundamental representation, σf(T ), the following parametrizations [15, 17℄:
µ(T ) = µ ·

 1 at Tc < T < T∗,g2(T )T
g2(Td.r.)Td.r.
at T > T∗,
(27)
σf(T ) = σf ·


1 at Tc < T < T∗,[
g2(T )T
g2(Td.r.)Td.r.
]2
at T > T∗,
(28)
where µ = 894MeV [13℄ and σf = (0.44GeV)
2
. Equation (19), extrapolated to nite
temperatures, yields for the hromo-magneti gluon ondensate 〈G2〉T [15, 17℄:
〈
G2
〉
T
=
72
pi
σf(T )µ
2(T ) =
〈
G2
〉 ·


1 at Tc < T < T∗,[
g2(T )T
g2(Td.r.)Td.r.
]4
at T > T∗.
The value of T∗ an be estimated from the equation
σf(T∗) = σf ,
where σf(T ) = [0.566g
2(T )T ]2 is the high-temperature parametrization of the fundamental
spatial string tension [16℄. Solving this equation numerially, one obtains [20℄
T∗ = 1.28Tc.
The entropy density s = s(T ) an be obtained by the formula s = ∂plat/∂T , where we
use for the pressure plat the orresponding lattie values from Ref. [16℄. In Fig. 2, we plot
s(T ) in the units of T 3. The temperature dependene of the ratio η/s is determined by the
funtion 〈G2〉2T /[µ5(T )s(T )]. One an hek numerially that, at T & 2Tc where s/T 3 is
nearly onstant, 〈G2〉2T /[µ5(T )s(T )] = O
(
g6(T )
)
, as was mentioned in Introdution.
In Fig. 3, we plot the ratio η/s, with η given by Eq. (26), as a funtion of temperature.
Also in Fig. 3, we plot the onjetured lower bound for this ratio, equal to (4pi)−1 ≃ 0.08,
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Figure 3: Calulated values of the ratio η/s as a funtion of temperature. Also shown is the
onjetured lower bound of (4pi)−1 for this quantity, realized in N = 4 SYM.
whih is realized in N = 4 SYM [5℄. This bound is indeed not reahed by our values,
although they get very lose to it at the highest temperature T = 4.54Tc where the lattie
data for the pressure (and therefore also for s) are available.
Furthermore, we ompare numerially the obtained nonperturbative spetral density,
ρ(ω, T ) = C(T )
ω
ω2 + 4µ2(T )
, where C(T ) =
(pi
2
)3/2 A2(1/2)
576
〈G2〉2T
µ3(T )
, (29)
with the perturbative one, whih at the tree level reads [9, 10℄
ρpert(ω, T ) =
1
20pi2
θ(ω − ω˜(T )) ω
4
tanh ω
4T
.
Note that ρpert(ω, T ) 6= 0 only at ω > ω˜(T ), where ω˜(T ) ≃ 7.5T [10℄. For this reason,
ρpert(ω, T ) in any ase does not aet the alulated η, whih is dened aording to Eq. (1)
by the values of the spetral density at ω → 0. Figure 4 illustrates the full spetral density
ρfull = ρ + ρpert as a funtion of ω/T at T = Tc. At ω < ω˜(T ), ρ
full
is given by the
obtained result (29), while at ω > ω˜(T ) the perturbative part ρpert takes it over. Were ρpert
nonvanishing down to ω = 0, it would dominate over ρ already at ω > 4.85T . That is the
reason why, by ω = ω˜(T ), ρpert signiantly exeeds ρ, as one an see from the gap in the
13
values of ρfull at this value of ω. Qualitatively, the same ρfull and the relation between ρ and
ρpert persist with the inrease of temperature.
Finally, in Appendix A, we illustrate the orrespondene between the splitting of ρfull =
ρ + ρpert and the splitting of 〈T12(0)T12(x)〉full = 〈T12(0)T12(x)〉 + 〈T12(0)T12(x)〉pert. This
orrespondene allows one to isolate the ontribution, whih ρpert brings about to the ω-
integral in the full Kubo formula.
VI. DISCUSSION AND OUTLOOK
In this paper, we have applied Kubo formula to a nonperturbative alulation of the
shear visosity η in SU(3) YM theory. With the use of the stohasti vauum model,
the 〈T12(0)T12(x)〉-orrelator entering Kubo formula has been expressed in terms of the
temperature-dependent hromo-magneti gluon ondensate
〈
g2(F aij)
2
〉
T
and the orrelation
length of the hromo-magneti vauum µ−1(T ). As was expeted (f. Introdution), η turns
out to be ∝ µ−5(T ) 〈g2(F aij)2〉2T , where the numerial fator is given by Eq. (26). At tem-
peratures T & 2Tc, the alulated ratio η/s falls o as O
(
g6(T )
)
, as it should do in the
dimensionally-redued theory. Numerially, up to the temperature T = 4.54Tc, where the
lattie data on bulk thermodynami quantities are still available, the obtained values of the
ratio η/s stay above the onjetured lower bound of (4pi)−1, whih is reahed in N = 4
SYM.
Formally, our result (26) persists even at higher temperatures, being extrapolated to
whih it yields for the (η/s)-ratio values smaller than (4pi)−1. One should, however, re-
alize that the monotoni fall-o of η/s with temperature, stemming from the relation
η ∝ µ−5(T ) 〈g2(F aij)2〉2T , is predened by our alulational method, whih ombines Kubo
formula with the stohasti vauum model. In fat, all the kineti oeients derivable in
this way should be ∝ 〈g2(F aij)2〉2T (f. Introdution). In partiular, this is the ase for the
bulk visosity ζ [12℄, whih an be obtained from the orrelation funtion
〈
g4F a2µν (0)F
b 2
λρ (x)
〉 ≃ 〈G2〉2 [1 + 1
3(N2c − 1)
D2(x)
]
.
(Here ≃ stands for Gaussian approximation.) On general grounds [23℄, one indeed ex-
pets a monotoni fall-o of the (ζ/s)-ratio with temperature, as was onrmed by expliit
alulations [12℄. However, on the same general grounds [23℄, for the (η/s)-ratio in question
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one expets the existene of a minimum at temperatures lose to Tc [27℄ and a subsequent
inrease with the further inrease of temperature. Indeed, at least at the temperature
as high as 47.4Tc, g(T ) beomes smaller than unity, and the weakly-interating dilute-gas
model of the gluon plasma gradually sets in. As mentioned in Introdution, in the dilute-gas
model [25℄ (η/s) ∼ 1/(g4 ln g−1), i.e. this ratio inreases with temperature. The stohasti
vauum model, on the other hand, being appliable at strong oupling, orretly yields the
expeted fall-o of the (η/s)-ratio at temperatures . 2Tc, but annot reprodue its inrease
at muh higher temperatures.
We would also like to emphasize an interesting fat, whih has been realized by the end of
the alulation. We have started with the general α-dependent Lorentzian-type ansatz (6)
for the spetral density ρ(ω). By using it in the Kubo formula, we have ome to the
onlusion that only for the single value, α = 1/2, this ansatz provides the Matsubara-mode
independene of ρ(ω). For this value of α, Eq. (6) takes the onventional Lorentzian form.
In this way, also the funtion D(x) from Eq. (15) is dened unambiguously as
D(x) = A(1/2)
√
K3/2(2µ|x|)
(2µ|x|)3/2 ,
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where the value of A(1/2) an be found after Eq. (26).
Note nally that we have used in our alulation the Gaussian-dominane hypothesis [11℄,
whih allows one to disregard in Eq. (14) the onneted four-point orrelation funtion
of gluoni eld strengths ompared to the pairwise produts of the two-point orrelation
funtions. The same approximation was used in Ref. [21℄ for the alulation of topologial
suseptibility via the four-point orrelation funtion. This approximation an be relaxed in
the following way. Consider a parametrization for the nonperturbative part of the onneted
four-point orrelation funtion suggested in Ref. [22℄:
〈〈
g4F a1µ1ν1(x1)F
a2
µ2ν2
(x2)F
a3
µ3ν3
(x3)F
a4
µ4ν4
(x4)
〉〉
=
=
〈
G2
〉2 {
fa1a2bfa3a4b (εµ1ν1µ3ν3εµ2ν2µ4ν4 − εµ1ν1µ4ν4εµ2ν2µ3ν3) +
+fa3a1bfa2a4b (εµ1ν1µ4ν4εµ2ν2µ3ν3 − εµ1ν1µ2ν2εµ3ν3µ4ν4)+
+fa2a3bfa1a4b (εµ1ν1µ2ν2εµ3ν3µ4ν4 − εµ1ν1µ3ν3εµ2ν2µ4ν4)−
−1
8
[
δa1a2δa3a4 (δµ1µ2δν1ν2 − δµ1ν2δµ2ν1) (δµ3µ4δν3ν4 − δµ3ν4δµ4ν3) +
+δa1a3δa2a4 (δµ1µ3δν1ν3 − δµ1ν3δµ3ν1) (δµ2µ4δν2ν4 − δµ2ν4δµ4ν2)+
+ δa1a4δa2a3 (δµ1µ4δν1ν4 − δµ1ν4δµ4ν1) (δµ2µ3δν2ν3 − δµ2ν3δµ3ν2)
]}
D˜(z1, . . . , z6), (30)
where z1 = x1−x2, z2 = x1−x3,..., z6 = x3−x4 are relative oordinates. For the onneted
orrelation funtion entering Eq. (14) this parametrization yields
〈〈
g4F a1µ(0)F
a
2µ(0)F
b
1ν(x)F
b
2ν(x)
〉〉
= 2(N2c − 1)
(
Nc − 1
8
)〈
G2
〉2
D˜(0, x, x, x, x, 0).
Similarly to Eq. (20), for the funtion D˜ too one an have a parametrization ompatible
with Eq. (4):
D˜(0, x, x, x, x, 0) = B(α)K2−α(4µ|x|)
(4µ|x|)2−α .
The normalization fator B(α) should now be determined simultaneously with the normal-
ization fator A(α) from a system of equations for two observables, whih both depend on
the funtions D and D˜. Natural observables of this kind are the string tension and the
topologial suseptibility. The ontribution of the funtion D˜ to the string tension has al-
ready been evaluated in Ref. [22℄. Further analysis of the outlined extension of the Gaussian
approximation is, however, not the purpose of the present paper.
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Appendix A. Mathing perturbative ontributions in the Kubo formula.
For this Appendix, we promote Eq. (2) to the full Kubo formula, i.e. replae ρ by ρfull =
ρ + ρpert and 〈T12(0)T12(x)〉 by 〈T12(0)T12(x)〉full = 〈T12(0)T12(x)〉 + 〈T12(0)T12(x)〉pert. On
the LHS of suh a full Kubo formula, onsider the integral ontaining ρpert. To failitate the
ω-integration, we approximate the perturbative part of the spetral density by the funtion
ρpert = Nω4 down to ω = 0 and determine the oeient N . The integral emerging on the
LHS of the Kubo formula then reads∫ ∞
0
dω ω4 [cosh(ωx4) coth(ωβ/2)− sinh(ωx4)] =
∞∑
n=0
[
1
(βn+ x4)5
+
1
[βn+ (β − x4)]5
]
=
= 24
{
1
x54
+
∞∑
n=1
[
1
(βn+ x4)5
+
1
(βn− x4)5
]}
. (A.1)
To obtain the last expression, we have extrated the (n = 0)-term from the sum
∞∑
n=0
1
(βn+x4)5
and shifted n by 1 in the sum
∞∑
n=0
1
[βn+(β−x4)]5
. Note that x4 ∈ [0, β], and the obtained
expression has singularities at x4 = 0 and x4 = β [in the (n = 1)-term℄. These singularities
are idential, sine cosh
[
ω
(
x4 − β2
)]
= cosh(ωβ/2) both at x4 = 0 and x4 = β.
We will demonstrate now that this expression orresponds to the ontribution, whih
〈T12(0)T12(x)〉pert brings about to the RHS of the full Kubo formula. The UV-nite part of
this perturbative orrelation funtion an be written as
〈T12(0)T12(x)〉pert =
A(N2c − 1)g4
x8
,
where the value of the numerial onstant A depends on the regularization sheme applied.
Thus, the sum emerging on the RHS of the Kubo formula reads
+∞∑
n=−∞
1
[x2 + (βn+ x4)2]4
.
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Doing the integration over d3x rst, we have∫ ∞
0
dx
x2
[x2 + (βn+ x4)2]4
=
pi
32|βn+ x4|5 .
The part of the sum with negative winding modes reads
−1∑
n=−∞
1
|βn+ x4|5 =
−1∑
n=−∞
1
(−βn− x4)5 =
∞∑
n=1
1
(βn− x4)5 .
Therefore, the integration over d|x| and the summation over winding modes yield
∫ ∞
0
dxx2
+∞∑
n=−∞
1
[x2 + (βn+ x4)2]4
=
pi
32
{
1
x54
+
∞∑
n=1
[
1
(βn+ x4)5
+
1
(βn− x4)5
]}
. (A.2)
The oinidene of urly brakets in Eqs. (A.1) and (A.2) proves that the ansatz ρpert = Nω4
aptures the ontribution of 〈T12(0)T12(x)〉pert orretly, with the orresponding normaliza-
tion fator being N(T ) = pi2A(T )(N2c − 1)g4(T )/192.
In this way, one isolates in the full Kubo formula simultaneously the perturbative ω4-part
of ρfull and the perturbative ontribution to 〈T12(0)T12(x)〉full. The remaining nonperturba-
tive parts of ρfull and 〈T12(0)T12(x)〉full are related to eah other by means of Eq. (2).
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